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I. INTRODUCTION
O FDM provides an effective method to mitigate intersymbol interference (ISI) in wideband signalling over multipath radio channels. The main idea is to send the data in parallel over a number of narrowband flat subchannels (see Fig. 1 ). This is efficiently achieved by using a set of overlapped orthogonal signals to partition the channel. A transceiver can be realized using a number of coherent QAM modems which are equally spaced in the frequency domain and which can be implemented using the IDFT on the transmitter end and the DFT on the receiving end [1] - [7] . Due to the fact that the intercarrier spacing in OFDM is relatively small, OFDM transceivers are somewhat more sensitive to phase noise by comparison to single carrier transceivers. It is the purpose of this paper to examine the impact of L.O. phase noise on the BER performance of OFDM signals over both AWGN and frequency selective channels.
The paper first discusses the relationship between the continuous time, continuous frequency L.O. phase noise model and the discrete time, discrete frequency process that is seen by the OFDM system. An analysis of the OFDM receiver is presented to assess the impact of the phase noise on the decision variables at the receiver (which are the received signal samples corrupted by noise, just before making hard decisions regarding Publisher Item Identifier S 0018-9316(01)04269-X. the received data). It is then shown that the effect of phase noise on the decision variables is composed of two components: a common component which affects all data symbols equally and as such causes a sometimes visible rotation of the signal constellation, and a second component which is more like Gaussian noise and thus affects the received data points in a somewhat random manner. This representation in terms of common and foreign components has been pointed out in the literature [8] - [10] . What we introduce here that is different, is that the temporal variations of the rotational component and its dependence on the frequency spacing between the system carriers play an important role in determining the symbol-error rate performance of the OFDM system, particularly at higher operating SNR conditions. Taking the temporal variations of the rotational component of the phase noises into account, we then proceeded to derive analytical expressions for the average probability of error for 64-QAM OFDM. The resulting formulas are in a closed form which includes several integrals over the Gaussian probability curve. The analytical results are then used to quantify the impact of certain phase noise masks on the average BER performance under different SNR conditions and also subject to variations of the OFDM frame length. Computer simulation is used to treat the problem over channels with arbitrary multipath profiles and also, to investigate the impact of phase noise on channel estimation and channel equalization. The simulation model requires a user specified phase noise mask as an input. It also requires the user to identify system parameters such as sampling frequency, OFDM frame length and the size of the signal constellation.
II. SYSTEM DESCRIPTION AND MODEL
A functional block diagram of an OFDM system is shown in Fig. 2 . The incoming data is fist applied to a baseband -ary QAM modulator which maps each binary bits into one of the constellation points. The -QAM points coming out of the baseband modulator are then grouped into frames, each containing complex constellation points. Each frame is applied to an inverse DFT processor which outputs -complex transform coefficients. A circular prefix of length is then appended to the complex transform coefficients to form a transmitted frame which is points long. The transmitted frame is then applied to a serial-to-parallel converter and then applied to an IQ modulator to translate the spectral content of the signal to some UHF or microwave frequency band. The IQ modulation is accomplished by multiplying the complex envelope of the signal with the output of a local oscillator. This step is often accomplished at a convenient IF frequency and the modulated signal is then upconverted using a higher frequency local oscillator. For our purpose, it is sufficient to consider one local oscillator as indicated in, Fig. 2 .
The local oscillator is not perfect. Its output is usually degraded due to many factors, including short term frequency drift that may in part be caused by temperature variations. The short term frequency drifts manifest themselves as phase noise which has traditionally been characterized in terms of its power spectral density.
A functional block diagram of a simplified OFDM receiver is depicted in Fig. 3 . The received signal, usually corrupted by additive noise and channel distortion, is first applied to a low noise microwave front-end where it is amplified and perhaps filtered to suppress unwanted interference. The received signal is then downconverted to an IF frequency and applied to an I&Q demodulator which brings the signal down to baseband in the form in-phase and quadrature components. These in turn are applied to a A/D converter which outputs complex baseband samples at a rate of one sample per received symbol. The complex samples are then grouped into received frames which contain points each. Assuming that the frame synchronization is working, the received frames are first reduced to points each by removing the circular prefix, and then are applied to an -point DFT processor. The received frame is also used to estimate the frequency response of the channel. The DFT output is then equalized to generate -decision variables which may be used to recover the data either based on threshold comparison or applied to a sequential estimation procedure such as the Viterbi algorithm.
The important block in Fig. 3 is the local oscillator, which like the transmitter local oscillator may have its own phase noise which will degrade the quality of the received signal and the overall BER performance. For analog TV (ATV) applications the Tx local oscillator is of much better spectral purity since this exists only in the base station and as such it does not have to be very economical. The Rx local oscillator signal on the other hand is provided with a cheap commercial TV tuner which exhibits high levels of phase noise. It is for this reason that we will concentrate on the Rx LO phase noise without explicit mention of the Tx LO phase noise. It should however be mentioned that the analysis we will develop can still be applied to cases where the phase noise is introduced by a combination of both local oscillators.
III. PHASE NOISE ANALYSIS

Let
represent tile analog (i.e., continuous time and frequency) phase noise process of the local oscillator which will be assumed Gaussian with zero mean and power spectral density specified by some phase noise mask. As such, can be written as follows: (1) where is the impulse response of a low-pass linear filter whose frequency response is given by: scale factor (2) where is the phase noise mask of the local oscillator and is a white Gaussian noise process with power spectral density . By definition, the autocorrelation function of the phase noise process is given by:
which can also be written in terms of as follows: (4) We are interested in the autocorrelation function of the sampled phase-noise process. This is defined by: (5) where (6) and therefore (7) which can be rewritten as (8) From (8) and (3) and (4) the discrete autocorrelation function can be rewritten in terms of the continuous phase noise power spectral density as follows: (9) In order to simplify the analysis that follows we make the assumptions:
• the communication channel is additive white Gaussian • the channel frequency response is flat • the phase noise variance is very small compared to unity, in which case the assumption that can be invoked. Subject to the above, the input to the DFT block during one OFDM frame interval may be written as:
to (10) where are the IDFT coefficients of the QAM symbol sequence and is the sampling period. With the approximating assumptions made above, can be rewritten:
and the output of the DFT block can therefore be written as (12) By examining (12) it becomes clear that the phase noise disturbs the decision variables in two ways:
• The first bracketed component to the right implies a phase rotation in the amount for all the received data symbols in the current OFDM frame. This is a common rotation and it results in a rotation of the entire signal constellation. We will use to denote this common rotation factor, that is (13) • The second bracketed component depends on the data symbols within the current frame. Assuming that the frame is relatively large and that the data points are statistically independent, it can then be argued that the result is a Gaussian process which is likely to affect the decision variables in the same way additive Gaussian noise does. This second component has been referred to in the literature as a foreign component, but here it will be referred to as a dispersive component due to the way it affects the received signal constellation. We will use to denote this second term, that is
The common component is linearly related to the sampled phase noise process and as a result, is Gaussian with a mean and variance given by:
The foreign dispersive component is also Gaussian with zero mean and variance which is evaluated next. The variance of the sum of the rotational and the dispersive components is equal to the sum of the variances of both components. As such, the variance of the dispersive component can be easily obtained if we know the variance of the sum. This is given by:
In other words,
where (20) and which can be rewritten as (21) Therefore, we get (22) and (23) where is the average signal power. We conclude that the variance of the sum of the two noise components normalized to the signal power is equal to the area under the phase noise mask. The variance of the dispersive component is therefore given by . We now summarize the important points in this section. The decision variables which are represented by the output of the DFT block in the receiver block diagram of Fig. 3 are corrupted by the phase noise process in two different ways:
First, the entire signal constellation is rotated by an amount which is a zero mean Gaussian process with variance given by (24) where represents the OFDM frame length, represents the sampling frequency and is the power spectral density of the local oscillator's phase noise process. It should be noted here that is in reality a band-limited process with a bandwidth less than half of the sampling rate. Therefore, the integration limits in (24) can be changed to the range . Assuming that is held constant, the variance is a monotonically decreasing function of . It reaches a maximum for and approaches zero as approaches infinity. This implies that OFDM systems which use shorter frame lengths will experience larger constellation rotations while systems with very large frames exhibit much smaller rotation. The decision variables are also corrupted by a dispersive noise component that is essentially Gaussian with zero mean and variance (25) We notice that is a monotonically increasing function of with a minimum of zero as (i.e., for a single carrier system). If left uncompensated, the rotational component can severely impact the BER performance of the OFDM system. The impact of this component on the average BER performance of -QAM OFDM for and is analyzed in the following section.
IV. PROBABILITY OF ERROR ANALYSIS
The conditional BER performance (conditioned on the rotational component) for 16-QAM OFDM and for 64-QAM OFDM for a given value of the rotational noise component is derived in the Appendix and it can be written as follows: 
The average symbol error probability is obtained by averaging the, conditional probability of (26) over the distribution of the rotational component. This component is Gaussian with zero mean and variance given by (24).
V. VARIANCE OF THE ROTATIONAL COMPONENT
The phase noise process of commercial tuners is often described in terms of a phase noise mask which is piecewise linear and has units of dBc/Hz. We will use to denote such a mask. Phase noise masks can be fully described in terms of the coordinates of their breakpoints. Using these coordinates and the fact that the mask is piecewise linear we can compute the phase noise spectrum in absolute units as follows:
The average probability of symbol errors for a 64-QAM signal has been calculated according to the procedure outlined above with the results shown in Fig. 7 . These results are based on a phase noise mask with break-points at 1 kHz and 200 kHz. The average power of the phase noise process is about 29 dB below the carrier. Fig. 7 suggests that:
• The effect of phase noise on SER performance is negligible for relatively low SNR (below 12 dB).
• The performance degradation increases rapidly as the SNR/bit increases beyond 25 dB. This is due to the presence of an irreducible error floor. The impact on the 8k and 2k frame sizes is about the same since no attempt has been made to compensate for phase noise in either case. The SNR degradation due to phase noise, at an error rate of , is about 3 dB.
VI. CARRIER RECOVERY
Carrier recovery refers to the estimation of, and compensation for the phase noise sequence across an OFDM frame. This task can be accomplished with the aid of at least one CR (carrier recovery) pilot tone. The design of the CR pilot differs from the channel estimation pilots in that a frequency guard interval is mandatory on both sides of the CR pilot to make possible the extraction of the prominent phase noise sidebands with as little interference from the data symbols as possible. The selection of the frequency guard interval is obviously dependent on the shape of the phase noise spectral mask.
For the sake of simplicity, we shall assume that the carrier recovery is achieved using an ideal bandpass filter with its passband centered on the CR pilot-tone frequency. This filtering operation is to be performed in the frequency domain using the FFT and IFFT. The frequency guard interval normalized to the OFDM tone spacing will be denoted by , and the CR filter bandwidth normalized to the OFDM tone spacing is denoted . The CR pilot tone normalized frequency is taken as . The processing steps involved in the carrier phase recovery are illustrated in Fig. 5 . The window function is a rectangular window which is equal to unity for and for , and is zero otherwise. The output of the carrier recovery subsystem in Fig. 5 consists of three components: 1) A desired component which is directly dependent on the phase noise sidebands within a bandwidth . This component is of the form
with a variance equal to
2) An interfering component caused by interference from the information bearing OFDM tones as a result of tone spreading that is created by the phase noise process. The variance of this information related interference is given by (37) where (38) 3) An interfering component caused by the additive thermal noise in the system and which has a variance of the form (39) where SNR is the average signal-to-noise ratio per tone and is the average symbol power. The normalized mean-square error of the recovered carrier can therefore be written as
NMSE (40)
The first factor in the numerator of (40), namely is recognized as the power of the phase noise process falling outside a bandwidth equal to the frequency guard interval and as such, it decreases monotonically with . This component also increases with the number of points in an OFDM frame (i.e., the FFT size ). The second term in the numerator accounts for the additive white Gaussian noise disturbance to the recovered phase noise sequence. The denominator of the second factor in (40) represents the phase noise power (desired component) measured within the CR filter bandwidth.
As an example, let us consider the phase noise mask shown in Fig. 6 . Assume that this mask represents the LO phase noise in an OFDM system which utilizes a -point FFT. From (40) above we calculated the CR normalized MSE as a function of the CR filter bandwidth relative to the OFDM signal tone spacing, with the frequency guard interval as a parameter. The result is a family of curves as illustrated in Figs. 7-9 .
From Figs. 7 and 9 we notice that under high SNR conditions the normalized MSE has an irreducible value caused by the first term in the numerator of (40). This value increases as the frequency guard interval is reduced. The curves also suggest that there is an optimum value for the CR filter bandwidth. Fig. 8 presents the results for an additive noise SNR of 30 dB, which is approximately the value needed for an error rate of assuming 64-QAM modulation is used. This set of curves exhibits a similar trend as observed in Figs. 7 and 9, except that now the sensitivity of the normalized MSE to the frequency guard interval is reduced. It is worthy noting that the numerical results shown above are based on the assumption that the CR pilot power is equal to 1.5% of the OFDM signal power. In summary, the analysis given in this section can be used to identify benchmarks for the necessary frequency guard interval required around the CR pilot, and also to identify a benchmark for the carrier recovery filter bandwidth.
VII. SIMULATION
In order to quantify the effect of phase noise on OFDM over channels with frequency selective responses we had to resort to simulation. Our model assumes -QAM modulation. No forward error correction is assumed in the model. The transmitted OFDM frame structure is shown in Fig. 10 .
Several equally spaced pilots are used for channel estimation purposes and a carrier recovery pilot is inserted in the middle of the frame with a guard band on both sides. The number of pilots used and their relative power levels (compared to the data subscribers) are user selectable. The OFDM frame size is also selectable, but we are going to discuss results for frame sizes of 8k and 2k carriers only. Fig. 11 illustrates the frequency domain picture of the transmitted signal. The larger peaks represent channel estimation pilots, and the carrier recovery estimation pilot. Fig. 12 is a functional diagram for the main processing functions of the OFDM receiver used for simulation.
The received signal is first processed to estimate the received phase noise process using the carrier phase pilot. The carrier recovery bandwidth was found to be an important parameter and as a result it is user selectable. The baseband signal is multiplied by the complex conjugate of the estimated phase noise vector. The compensated signal is also processed to extract an estimate of the frequency response of the channel based on the channel estimation pilots. The estimated channel response is used to equalize the phase-compensated signal frame. Automatic gain control is performed and finally the baseband signal is applied to a slicer to recover the received data symbols.
A. Results
Fig . 13 shows the symbol error rate as a function of the symbol energy to noise density ratio. These results are based on the simulation of an 8k OFDM system. The phase noise mask used here is similar to the one shown in Fig. 6 except that the break points are at 2 kHz and 100 kHz. From Fig. 13 it is clear that:
• The SER performance degradation due to channel estimation errors is negligible (in this case the CE pilots are relatively high at 10 dB above the average energy per information symbol).
• Performance degradation at SER , as caused by phase noise, is about 3 dB relative to the performance of an ideal system.
• Phase estimation and compensation using the CR algorithm shown in Fig. 5 results in an SER performance that is within 0.6 dB from ideal. Fig. 14 shows the symbol error rate as a function of the symbol energy to noise density ratio. These results are based on the simulation of an 8k OFDM system The phase noise mask used here is identical to that shown in figure. From Fig. 14 it is clear that:
• The SER performance degradation due to channel estimation errors is slightly higher by comparison to the case of Fig. 13. • Performance degradation at SER , as caused by phase noise, is about 3 dB relative to the performance of an ideal system. This is identical to the value observed in Fig. 13. • Phase estimation and compensation using the CR algorithm shown in Fig. 5 results in an SER performance that is within 1 dB from ideal. This is higher than the 0.6 dB observed in Fig. 13 . Fig. 15 shows the symbol error rate as a function of the symbol energy to noise density ratio. These results are based on the simulation of an 2k OPDM system. The phase noise mask used here is identical to the one used in Fig. 6. From Fig. 15 it is clear that:
• The SER performance degradation due to channel estimation errors is lower than the degradation shown in the 8k OFDM case of Fig. 14 . • Performance degradation at SER as caused by phase noise, is about 3 dB relative to the performance of an ideal system. This is identical to the value observed in Figs. 14 and 13.
• Phase estimation, and compensation using the CR algorithm shown in Fig. 5 results in an SER performance that is within 0.5 dB from ideal. This is about half the degradation suffered by the 8k OFDM system of Fig. 14. Fig. 16 shows the symbol error rate as a function of the symbol energy to noise density ratio. These results are based on the simulation of an 8k OFDM system. The phase noise mask used here is similar to the one used in Fig. 6. From Fig. 16 it is clear that:
• The SER performance degradation due to channel estimation errors is relatively high by comparison to the degradation shown in the 8k OFDM case of Fig. 14. This increase is due to the use of 3 dB less power in the CE pilots.
• Performance degradation at SER , as caused by phase noise, is about 2.2 dB relative to the performance of an ideal system. This is lower than the value observed in Figs. 14 and 13. This reduction is due to the fact that the CE pilots an now lower and hence, they interfere less with the information symbols. • Phase estimation and compensation using the CR algorithm shown in Fig. 5 results in an SER performance that is within 0.7 dB from ideal. This is about the same performance as shown in Fig. 14. Fig. 17 shows the symbol error rate as a function of the symbol energy to noise density ratio. These results are based on the simulation of an 8k OFDM system. The phase noise mask used here is similar to the one used in Fig. 6 . From Fig. 17 it is clear that:
• The SER performance degradation due to channel estimation errors is relatively high by comparison to the degradation shown in the 2k OFDM case of Fig. 15 . This increase is due to the use of a 3 dB less power in the CE pilots.
• Phase estimation and compensation using the CR algorithm shown in Fig. 5 results in an SER performance that is within 0.7 dB from ideal. This is slightly worse compared to the performance shown in Fig. 15 . Fig. 18 shows the symbol error rate as a function of the symbol energy to noise density ratio over a frequency selective channel. These results are based on the simulation of an 8k OFDM system. The phase noise mask used here is similar to the one used in Fig. 6. From Fig. 18 , it is clear that:
• Performance degradation at SER , as caused by phase noise, is about 5 dB relative to the performance of art ideal system.
• Phase estimation and compensation using the CR algorithm shown in Fig. 5 results in an SER performance that is within 3.5 dB from ideal. This is much worse compared to the performance shown in Fig. 15 . This may be explained by the fact that the ICI due to residual phase noise is enhanced due to the presence of powerful tones in the vicinity of weaker tones (the unevenness of tone power is caused by the frequency selectivity of the channel). Fig. 19 shows the symbol error rate as a function of the symbol energy to noise density ratio over a frequency selective channel. These results are based on the simulation of an 2k OFDM system. The phase noise mask used here is similar to the one used in Fig. 6 . From Fig. 19 it is clear that:
• Performance degradation at SER , as caused by phase noise, is about 5 dB relative to the performance of an ideal system.
• Phase estimation and compensation using the CR algorithm shown in Fig. 5 results in an SER performance that is within 1.2 dB from ideal. This is much better compared to the performance shown in Fig. 18 . This may be explained by the fact that the ICI due to residual phase noise is less significant due to the fact that the tone spacing is now 4 times the tone spacing in the case of the 8k OFDM system, in spite of the unevenness of tone power. 
VIII. CONCLUSIONS
This paper presented an analytical procedure to quantify the impact of local oscillator phase noise on the performance of OFDM systems over additive white Gaussian noise channels. It also addressed the questions of performance over frequency selective channels. Based on simulation results, the paper also discussed the potential performance improvement that can be gained if the OFDM system employed a means of phase compensation on the receiving end. The impact of completely uncompensated phase noise is to create an irreducible error floor. Partial compensation for phase noise is also possible. The cases studied here indicate significant performance improvement in terms of SNR for both flat and for frequency selective channels. where represents a complex Gaussian process which is equal to the sum of the additive noise and the dispersive component that is caused by the local oscillator phase noise process.
We note that the real and imaginary parts of are independent Gaussian processes with equal variances. Their joint distribution is given by (A.4) To calculate the probability of error we divide the signal space into rectangular decision regions with boundaries at and for the inner constellation points. The outer points at the left, right, top or bottom of the constellation will have their respective decision regions extending to infinity on at least one side. With this in mind, we proceed to compute the average probability of error.
A. The Inner Constellation Points
For the inner constellation points the probability of making a correct decision is given by 
